Abstract-In this paper we present some applications of the reticulation of a residuated lattice, in the form of a transfer of properties between the category of bounded distributive lattices and that of residuated lattices through the reticulation functor. The results we are presenting are related to co-Stone algebras; among other applications, we transfer a known characterization of m-co-Stone bounded distributive lattices to residuated lattices and we prove that the reticulation functor for residuated lattices preserves the strongly co-Stone hull.
I. INTRODUCTION
In [11] we gave an axiomatic purely algebraic definition of the reticulation of a residuated lattice, which turned out to be very useful in practice. In this work we present several applications for the reticulation, related to co-Stone algebras, applications in the form of transfers of properties between the category of bounded distributive lattices and the category of residuated lattices through the reticulation functor.
The co-Stone structures were introduced by us as being dual notions to Stone structures. In Section II we introduce their definition, along with recalling some definitions and results that the reader might find necessary for understanding the results in the next sections.
In Section III we prove the fact that a residuated lattice is co-Stone iff its reticulation is co-Stone and the same is valid for strongly co-Stone structures, then we obtain a structure theorem for m-co-Stone residuated lattices, by transferring through the reticulation a known characterization of m-coStone bounded distributive lattices to residuated lattices. This is the first major example of a result that can be transferred through the reticulation functor from the category of bounded distributive lattices to the category of residuated lattices. It also permits us to state that a residuated lattice is m-co-Stone iff its reticulation is m-co-Stone. We then bring an argument for our choice of the definition of the co-Stone structures over another definition for them that can be found in mathematical litterature, for instance in [5] : the fact that the notion with our definition is transferrable through the reticulation.
In Section IV, we construct the strongly co-Stone hull of a residuated lattice, conjecture a universality property for it, show that it is preserved by the reticulation functor and exemplify its calculation for a finite residuated lattice. For proving that the reticulation functor for residuated lattices preserves the strongly co-Stone hull we are using the fact that it preserves inductive limits, that we proved in [13] .
In future papers we will continue our research on the transfer of properties between the category of bounded distributive lattices and that of residuated lattices through the reticulation functor. This transfer of properties between different categories is the very purpose of the reticulation.
II. PRELIMINARIES
We recall that a residuated lattice is an algebraic structure If A is a bounded lattice or a residuated lattice, then the set of the complemented elements of A is called the Boolean center of A and is denoted by B(A). It is known that, for A a bounded distributive lattice or a residuated lattice, this subset of A is a Boolean algebra with the operations induced by those of A.
For all subsets X and all filters F , G of a bounded lattice or residuated lattice A, we denote by < X > the filter of A generated by X and by
Let A be a bounded distributive lattice or a residuated lattice; the definitions we are about to give are valid for both types of structures. For any non-empty subset X of A, the coannihilator of X is the set X = {a ∈ A|(∀x ∈ X)a∨x = 1}. In the case when X consists of a single element x, we denote the co-annihilator of X by x and call it the co-annihilator of x. Also, we will denote X = (X ) and x = (x ) . Let us remark that, for A a bounded distributive lattice or a residuated lattice and for any X ⊆ A, X is a filter of A.
Definition II.1. Let A be a bounded distributive lattice or a residuated lattice. Then A is said to be co-Stone (respectively strongly co-Stone) iff, for all x ∈ A (respectively all X ⊆ A), there exists an element e ∈ B(A) such that x =< e > (respectively X =< e >).
Obviously, any complete co-Stone lattice (residuated lattice) is strongly co-Stone.
We have chosen the previous definition of co-Stone residuated lattices over the definition from [5] for a reason that is explained by Remark III.7. In [5] , the author defines a Stone residuated lattice to be a residuated lattice A that satisfies the equation:
For any bounded distributive lattice or residuated lattice A, we shall denote CoAnn(A) = {X |X ⊆ A} and, for all
Let m be an infinite cardinal. An m-complete lattice is a lattice L with the property that any subset X of L with |X| ≤ m has an infimum and a supremum in L.
Theorem II.3. Let L be a bounded distributive lattice and m an infinite cardinal. Then the following are equivalent:
Proof: By duality, from [6, Theorem 1]. A bounded distributive lattice will be called an m-co-Stone lattice iff the conditions of Theorem II.3 hold for it.
Let A be a bounded lattice (residuated lattice) and B a subalgebra of A. We say that B is co-dense in A iff, for all a ∈ A \ {1}, there exists b ∈ B such that a ≤ b < 1 (that is a ≤ b ≤ 1 and b = 1).
We recall that bounded distributive lattices and residuated lattices form equational categories, therefore these two categories are categories with inductive limits, that is every inductive system in one of these categories has an inductive limit. Indeed, [4, Example 4.7.2] contains the construction of the inductive limits in any equational class of algebras.
Let us now turn our attention on the reticulation of a residuated lattice. The reticulation of an algebra was first defined by Simmons ([14] ) for commutative rings and then by Belluce for MV-algebras ( [2] ). Later, it was extended by Belluce to non-commutative rings ( [3] ) and then it was defined for quantales ( [8] ) and for BL-algebras ( [9] , [10] ). In each of the papers cited above, although it is not explicitely defined this way, the reticulation of an algebra A is a pair (L(A), λ) consisting of a bounded distributive lattice L(A) and a surjection λ : A → L(A) such that the function given by the inverse image of λ induces (by restriction) a homeomorphism of topological spaces between the prime spectrum of L(A) and that of A. This construction allows many properties to be transferred between L(A) and A, and this transfer of properties between the category of bounded distributive lattices and another category (in our case that of residuated lattices) is the very purpose of the reticulation.
Here is the definition that we gave in [11] for the reticulation of a residuated lattice. This axiomatic definition is purely algebraic, thus being an innovation in the study of the reticulation, as in previous work the reticulation of an algebra was defined by its construction.
Definition II.4. [11] Let A be a residuated lattice. A reticulation of A is a pair (L, λ) , where L is a bounded distributive lattice and λ : A → L is a function that satisfies conditions 1)-5) below:
In [11] and [12] we proved that this definition is in accordance with the general notion of reticulation applied to residuated lattices, more precisely that, given a residuated lattice A and a pair (L, λ) consisting of a bounded distributive lattice L and a function λ : A → L, we have: if λ satisfies conditions 1)-5) above, then its inverse image induces (by restriction) a homeomorphism between the prime spectrum of L and that of A (regarded as topological spaces with the Stone topologies); and conversely: if the function given by the inverse image of λ takes prime filters of L to prime filters of A and its restriction to the prime spectrum of L is a homeomorphism between the prime spectrum of L and that of A (with the Stone topologies), then λ satisfies conditions 1)-5) from the definition above.
The following theorem states the existence and uniqueness of the reticulation for any residuated lattice. Here, as in many other cases, one can see the usefulness of the axiomatic purely algebraic definition of the reticulation, which allows us to provide a simple algebraic proof for the uniqueness of the reticulation; this is another important novelty, as in previous work the argument for the uniqueness of the reticulation was of topological nature and consisted of the fact that there is at most one bounded distributive lattice whose prime spectrum is homeomorphic to a given topological space.
Theorem II.5. [11] Let A be a residuated lattice. Then there exists a reticulation of
We denote by RL the category of residuated lattices and by D01 the category of bounded distributive lattices.
In [11] and [12] , we defined the reticulation functor L : f (a) ). This definition makes L a covariant functor from RL to D01.
III. CO-STONE ALGEBRAS
Concerning co-Stone and strongly co-Stone structures (by structure we mean here bounded distributive lattice or residuated lattice), the first question that arises is whether they exist. Naturally, any strongly co-Stone structure is co-Stone and any complete co-Stone structure is strongly co-Stone. The answer to the question above is given by the fact that the trivial structure is strongly co-Stone and, moreover, any chain is strongly co-Stone, because a chain A clearly has all coannihilators equal to {1} =< 1 >, except for 1 , which is equal to A =< 0 >.
Until mentioned otherwise, let A be a residuated lattice and (L(A), λ) its reticulation. The remark above shows that the alternate definition of co-Stone algebras, from [5] , is not transferrable through the reticulation, which is the reason why we have chosen our definition over it (notice the two previous remarks, which show that, in the case of residuated lattices, unlike the one of pseudocomplemented distributive lattices, neither of these two definitions implies the other).
Proposition III.1. A is a co-Stone residuated lattice iff L(A) is a co-Stone lattice, and
IV. THE STRONGLY CO-STONE HULL OF A RESIDUATED LATTICE In the following, let A be a residuated lattice. We shall define the strongly co-Stone hull of A, in a manner similar to the definition from [7] for the strongly Stone hull of an MV-algebra.
Let B = CoAnn(A). Let us consider the poset Π(A) = P (B) of the finite partitions of B. For any C ∈ Π(A), set
with D a refinement of C), we shall consider the map
where C is the unique member of C such that D ⊆ C. It is immediate that P CD is an injective morphism of residuated lattices and that ((A C ) C∈Π(A) , (P CD ) C≤D ) is an inductive system of residuated lattices. LetÃ = lim − →
C∈Π(A)
A C be its inductive limit. By the uniqueness of the inductive limit, it follows thatÃ is unique up to a residuated lattice isomorphism.
Definition IV.1. We defineÃ to be the strongly co-Stone hull of A.
The reasons for adopting this name will be made apparent by the following results in this section.
For every a ∈ A and every C ∈ Π(A), we denote by (a) the congruence class [a C ] inÃ of the element (a/(C )) C∈C , element which we will denote a C . The definition of does not depend on C, because, if D ∈ Π(A), then we have: [a C ] = [a D ] iff there exists E ∈ Π(A) with C, D ≤ E, such that a E = a E , which is true (we have used a known construction for the inductive limit; see [4] ).
Remark IV.2.
: A →Ã is an injective morphism of residuated lattices.
Lemma IV.3.Ã is a strongly co-Stone residuated lattice and
A is co-dense inÃ. 
